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We study the dynamical thermoelectric transport in metals subjected to the electron-impurity and
the electron-phonon interactions using the memory function formalism. We introduce a generalized
Drude form for the Seebeck coefficient in terms of thermoelectric memory function and calculate
the later in various temperature and frequency limits. In the zero frequency and high temperature
limit, we find that our results are consistent with the experimental findings and with the traditional
Boltzmann equation approach. In the low temperature limit, we find that the Seebeck coefficient
is quadratic in temperature. In the finite frequency regime, we report new results: In the electron-
phonon interaction case, we find that the Seebeck coefficient shows frequency independent behavior
both in the high frequency regime (ω  ωD, where ωD is the Debye frequency) and in the low
frequency regime (ω  ωD), whereas in the intermediate frequencies, it is a monotonically increasing
function of frequency. In the case of the electron-impurity interaction, first it decays and then
after passing through a minimum it increases with the increase in frequency and saturates at high
frequencies.
I. INTRODUCTION
In quest of modern technological advances to find
highly efficient thermoelectric devices, the under-
standing of the thermoelectric transport is extremely
important1–3. From the industrial point of view, the
thermoelectric devices require materials having large fig-
ure of merit (ZT = S2σT/κ), where S is the Seebeck
coefficient, σ is the electrical conductivity, κ is the ther-
mal conductivity and T is the temperature. Enormous
efforts have been applied in order to increase the figure
of merit so that the thermoelectric devices can be used
for energy conversion processes4–6. In the steady state, it
can be increased by increasing the product of the electri-
cal conductivity and square of the Seebeck coefficient i.e.
σS2 or by decreasing the thermal conductivity κ. But
in this pathway, there is a well known relation between
the thermal conductivity and the electrical conductivity,
known as Wiedemann-Franz law7. The later makes it
difficult to decrease κ without the decrease of σ. Thus,
an alternative approach known as dynamical approach
is required to make this pathway easier8 which goes be-
yond the above mentioned restriction. We find that the
Seebeck coefficient is higher at higher frequencies thus it
leads to a greater figure of merit as the Wiedemann-Franz
law is no more valid in the finite frequency case:
κ(ω, T )
Tσ(ω, T )
=
TM ′′QQ(ω, T )
M ′′(ω, T )
(
ω2 + (M ′′(ω, T ))2
ω2 + (M ′′QQ(ω, T ))2
)
,(1)
where M ′′QQ(ω, T ) and M
′′(ω, T ) are thermal and elec-
trical memory functions or known as scattering rates re-
spectively. The right hand side of the above equation is
not a constant. Thus Wiedemann-Franz restriction is not
applicable.
Another importance of this study is due to the re-
cent demand of the microelectronic and optoelectronic
devices, working at several giga Hertz frequencies i.e.
GHz clock frequencies9,10. The basic working princi-
ple of these devices involves various frequency dependent
transport coefficients. Thus the quest of making these
devices more efficient requires the understanding of the
frequency and the temperature dependences of various
transport quantities. So far, the dynamical nature of
the electrical conductivity and the thermal conductiv-
ity have been studied in various recent works11–15. The
study of the Seebeck coefficient is an important parame-
ter to determine the figure of merit and was not studied
previously in detail especially in the dynamical regime.
Hence, in present work, we focus our study to investigate
the dynamical behavior of the Seebeck coefficient.
On the other hand from the theoretical point of view,
this problem is also of considerable interest. Firstly, these
coefficients are generally calculated using the Bloch-
Boltzmann approach under the relaxation time approx-
imation (RTA)16. It is found that the Seebeck coeffi-
cient, according to the well known Mott formula, shows
the linear temperature behavior in the high temperature
regime. In the present approach, we extend the tradi-
tional approaches based on the relaxation time approx-
imation to the beyond relaxation time approximation
which is achieved by the memory function formalism17.
Secondly, these coefficients also have been computed us-
ing the Kubo formalism where the two particle Green’s
function is generally written in terms of single particle
Green’s function18. No such approximation is made in
the present approach.
With this motivation, we study the thermoelectric co-
efficients in both the static and finite frequency domain
using the memory function formalism. The later, known
as the projection operator technique is developed by Mori
and Zwanzig and then extended by others21–35. This for-
malism is novel as it captures the frequency and tem-
perature dependence of a dynamical response function in
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2terms of the corresponding generalized scattering rate.
In the present work, we introduce for the first time and
calculate the thermoelectric memory functions for the
electron-impurity and the electron-phonon interactions
and hence the Seebeck coefficient. Then, we compare
our results in the case of zero frequency limit with the
results predicted by the Bloch-Boltzmann approach and
the experimental results. In the finite frequency case and
in the case of the electron-phonon interaction, we find
that the Seebeck coefficient increases with the increase
of the frequency in the low frequency regime and then
saturates to constant value in the high frequency regime
(ω  ωD). While in the case of electron-impurity in-
teraction, it decreases with the increase of the frequency
in low frequency regime (ω  ωD) and then in the high
frequency regime, it shows saturating behavior.
This paper is organized as follows. In Sec.II, we dis-
cuss the basic relations of the thermoelectric coefficients.
Then in Sec.III, first we briefly review the framework
of the memory function formalism. Then, we introduce
a model Hamiltonian and the thermoelectric memory
functions. Here, we discuss the thermoelectric mem-
ory functions for the case of the electron-impurity and
the electron-phonon interactions. We discuss these in
the zero frequency and finite frequency limits. Later,
we calculate the temperature and frequency variations of
S(z, T ), where z is the complex frequency. In Sec.IV,
we discuss our results and find that the results in the
zero frequency limit are in accord with the experimental
findings. Finally, we conclude in SecV.
II. THERMOELECTRIC COEFFICIENTS
In the linear response theory, the electric field and the
temperature gradient are related to the electric current
and the thermal current as follows18,19.
J = σE− α∇T. (2)
JQ = α˜E− κ∇T. (3)
These equations tell that the generation of charge cur-
rent and the flow of heat can be a consequence of either
electric field or temperature gradient. Here σ is the elec-
trical conductivity, κ is the thermal conductivity, α is the
thermoelectric conductivity, and α˜ is the electrothermal
conductivity.
Consider that the system is electrically insulated. Thus,
there is no electric current flow in the system i.e. J = 0.
Therefore, Eq.(2) can be written as
E
∇T =
α
σ
. (4)
The Seebeck coefficient S is defined as the electric field
generated by a thermal gradient in the absence of electric
current19
S = − E∇T = −
α
σ
. (5)
Here the sign indicates the sign of the charge carriers.
The Peltier coefficient is defined as the flow of heat due
to the electric current. According to the Kelvin relation,
it can be expressed as20
Π = ST. (6)
Similarly, the Thomson coefficient which is related to the
phenomenon of reversible heating or cooling in a current
carrying material is defined as20
µT = T
dS
dT
(7)
We see that all these coefficients are related (Eqs.(5) -
(7)) and the calculation of the Seebeck coefficient is suf-
ficient to understand the others. The former is the ratio
of the thermoelectric conductivity and the electrical con-
ductivity which are calculated in the following section.
III. MEMORY FUNCTION FORMALISM
According to the linear response theory, the correlation
function is defined as36–38
χAB(z) = 〈〈A;B〉〉z = −i
∫ ∞
0
eizt〈[A(t), B]〉dt. (8)
Here A and B are general operators corresponding to two
different physical observables, [A,B] is the commutator
between operators A and B and the inner angular bracket
in 〈〈· · · 〉〉 corresponds to the thermodynamical average
and the outer one for the Laplace transform at a complex
frequency z.
This correlation function using equation of motion can
be expressed as
z〈〈A|B〉〉z = 〈[A,B]〉+ 〈〈[A,H];B〉〉z, (9)
where H is the total Hamiltonian of the system.
Presently we deal with thermoelectric responses. Thus
we replace A and B by JQ and J respectively, where
JQ is the thermal current and J is the electric current.
Therefore
z〈〈JQ|J〉〉z = 〈[JQ, J ]〉+ 〈〈[JQ, H]; J〉〉z. (10)
As the equal time commutator between the thermal cur-
rent and the electric current vanishes. Thus, we left with
the second term of Eq.(10). Hence on applying equation
of motion on this term, the correlation function becomes
χQ(z, T )
=
〈〈[JQ, H]; [J,H]〉〉z=0 − 〈〈[JQ, H]; [J,H]〉〉z
z2
. (11)
Following the Refs.11,17, the correlation function is re-
lated to the memory function as
MQ(z, T ) = z
χQ(z, T )
χ0Q(T )− χQ(z, T )
, (12)
3where χ0Q(T ) is the static thermal current-electric current
correlation function. On expanding Eq.(12), keeping the
leading order term and using Eq.(11), the memory func-
tion can be written as12,15
MQ(z, T )
=
〈〈[JQ, H]; [J,H]〉〉z=0 − 〈〈[JQ, H]; [J,H]〉〉z
zχ0Q(T )
. (13)
This is an thermoelectric memory function in terms of the
thermal current and the electric current. This memory
function relates to the thermoelectric response function
as follows
α(z, T ) =
i
T
χ0Q(T )
z +MQ(z, T )
, (14)
The above relation can be proved in a similar manner
as done in the case of thermal response function15. Fol-
lowing the Eqs.(13) and (14), the thermoelectric mem-
ory function, hence the corresponding response function
can be computed in various cases (e.g. electron-impurity,
electron-phonon interactions) as done in the proceeding
subsection.
A. Model Hamiltonian
Consider a system in which free electrons undergo scat-
tering with impurities and phonons. In such a system,
the total Hamiltonian is described as
H = H0 +Himp +Hep +Hph. (15)
The first part of the total Hamiltonian describes the free
electrons and is given as
H0 =
∑
kσ
kc
†
kσckσ, (16)
where k is the energy dispersion of free electrons,
ckσ(c
†
kσ) is annihilation(creation) operator having elec-
tronic momentum k and spin σ. The second and the third
part represent the electron-impurity and the electron-
phonon interactions which are described as
Himp = N
−1∑
i
∑
kk′σ
〈k|U i|k′〉c†kσck′σ, (17)
and
Hep =
∑
kk′σ
[
D(k− k′)c†kσck′σbk−k′ +H.c.
]
, (18)
respectively. Here U i refers to the impurity interaction
strength, sum over i index refers to the number of im-
purity sites and N represents the number of lattice cells.
The operator bq(b
†
q) is the phonon annihilation(creation)
operator having phonon momentum q and D(q) is the
electron-phonon matrix element. In case of metal, the
later can be considered in the following form,16
D(q) =
1√
2miNωq
qC(q). (19)
The symbols used in the Eq.(19): mi is the ionic mass,
ωq is the phonon frequency and C(q) is a slowly varying
function of q which in case of metal is considered as 1/ρF ,
where ρF is the density of states at Fermi level
16. The
last part of the Hamiltonian describes free phonons and
can be written as
Hph =
∑
q
ωq
(
b†qbq +
1
2
)
. (20)
With this model Hamiltonian describing different pertur-
bations due to the impurity and the phonon interactions
with electrons, we calculate the thermoelectric memory
function in next subsection.
B. Thermoelectric Memory function
Before the calculation of the thermoelectric memory
function MQ(z, T ), we define the electric and thermal
current in operator form as18
J =
1
m
∑
k
k.nˆc†kck. (21)
JQ =
1
m
∑
k
k.nˆ(k − µ)c†kck. (22)
Here µ is the chemical potential, m is the electron mass
and nˆ is the unit vector parallel to the direction of cur-
rent.
With these definitions of currents, we calculate the
thermoelectric memory function (defined in Eq.(13)).
1. Electron-Impurity Interaction
To compute MQ(z, T ) for a system in which the total
Hamiltonian is defined byH = H0+Himp due to the pres-
ence of only electron-impurity interaction. First, we cal-
culate the Laplace transform and thermal average of the
inner product 〈〈[JQ, H]; [J,H]〉〉z which requires the com-
mutation relations between the currents and the Hamilto-
nian. The commutator between the electric current and
the Hamiltonian is given by [J,H] = [J,H0] + [J,Himp].
As the electric current and the unperturbed Hamiltonian
commutes with each other, we have
[J,H] =
1
mN
∑
i
∑
kk′σ
〈k|U i|k′〉 (k− k′) .nˆc†kσck′σ.(23)
4Similarly, the commutator of thermal current and Hamil-
tonian is given by
[JQ, H] =
1
mN
∑
i
∑
kk′σ
〈k|U i|k′〉
(
k(k − µ)− k′(k′ − µ)
)
.nˆc†kσck′σ. (24)
Using the above relations, the correlation function
〈〈[JQ, H]; [J,H]〉〉z becomes
=
1
m2N2
∑
ij
∑
kk′σ
∑
pp′τ
〈k|U i|k′〉〈p|U j |p′〉
(
k− k′) .nˆ (p(p − µ)− p′(p′ − µ)) .nˆ
〈〈c†kσck′σ; c†pτ cp′τ 〉〉z. (25)
Considering the case of i = j (case of dilute impurity in
which interaction terms i 6= j are neglected), perform-
ing ensemble average and integrating over time, Eq.(25)
reduces to
=
2Nimp
m2N2
∑
kk′
|〈k|U |k′〉|2 (k− k′) .nˆ
(
k(k − µ)− k′(k′ − µ)
)
.nˆ× fk − fk′
z + k − k′ . (26)
Here fk =
1
e
k−µ
T +1
is the Fermi distribution function.
Substituting Eq.(26) in the thermoelectric memory func-
tion (Eq.(13)) and performing the analytic continuation
using z → ω + iη, η → 0+, the imaginary part of the
thermoelectric memory function is expressed as
M ′′Q(ω, T ) =
2piNimp
χ0Q(T )m
2N2
∑
kk′
|〈k|U |k′〉|2 (k− k′) .nˆ(
k(k − µ)− k′(k′ − µ)
)
.nˆ
fk − fk′
ω
δ(ω + k − k′). (27)
To simplify the Eq.(27), it is assumed that the system has
cubic symmetry. Thus using the laws of conservation of
energy and conservation of momentum, the part of above
equation can be written as(
k− k′) .nˆ (k(k − µ)− k′(k′ − µ)) .nˆ
=
1
3
(
(k − µ)k2 + (k′ − µ)k′2
)
. (28)
Using the Eq.(28) and considering the momentum in-
dependent character of the impurity strength U , the
Eq.(27) in the integral form reduces to
M ′′Q(ω, T ) =
NimpU
2k4F
6pi3χ0Q(T )
∫ ∞
0
d (2(k − µ) + ω)
×f(k)− f(k + ω)
ω
. (29)
Here we consider the scattering events occurring only
near the Fermi surface. Thus the magnitude of electron
momentum k and k′ are approximately equal to kF , the
Fermi wave vector.
Defining the new dimensionless variables k−µT = η and
ω
T = x and substituting it in Eq.(29) we have
M ′′Q(ω, T ) =
NimpU
2k4FT
6pi3χ0Q(T )
∫ ∞
0
dη
2η + x
x(
1
eη + 1
− 1
eη+x + 1
)
. (30)
This is an expression for the imaginary part of the ther-
moelectric memory function in the presence of electron-
impurity interaction. Its behavior can be discussed in
different frequency and temperature regimes as follows.
Case-I The zero frequency limit i.e. ω → 0:
In this limit, Eq.(30) can be written as
M ′′Q(T ) =
Nimp
3pi3
U2k4FT
χ0Q(T )
∫ ∞
0
dη
ηeη
(eη + 1)2
. (31)
This expression shows that the imaginary part of the zero
frequency thermoelectric memory function varies with
temperature as T/χ0Q(T ). As proved in the appendix
A that the static thermoelectric correlation function de-
pends linearly on the temperature. Thus, in the zero fre-
quency limit, M ′′Q(T ) is independent of the temperature.
Using this temperature variation of M ′′Q(T ), the thermo-
electric response function (Eq.(14)) in the zero frequency
limit becomes
α(T ) =
1
T
χ0Q(T )
M ′′Q(T )
.
Thus we concludes that the thermoelectric conductivity
shows temperature independent behavior in the case of
electron-impurity.
Case-II The finite frequency regime
In the high frequency limit i.e. ω  T , the Eq.(30)
reduces to
M ′′Q(ω, T ) ≈
NimpU
2k4FT
6pi3χ0Q(T )
(
1− 2e−ω/T
ω/T
+ e−ω/T + log 2
)
.
≈ NimpU
2k4F
6pi3
T
χ0Q(T )
log 2. (32)
In the opposite case, when ω  T , the imaginary part of
the thermoelectric memory function (Eq.(30)) with the
leading order term becomes
M ′′Q(ω, T ) ≈
NimpU
2k4F
18pi3
T
χ0Q(T )
. (33)
The detailed analysis of these asymptotic results is sum-
marized in Table I and is discussed in later sections.
2. Electron-Phonon Interaction
In the presence of only electron-phonon interaction in
a system, the total Hamiltonian is described by H =
5H0 +Hep +Hph. With this Hamiltonian, the thermoelec-
tric memory function can be calculated using the com-
mutation relations of current and H in a similar way as
done in the case of impurity interaction. In this electron-
phonon interaction case, the commutation relations are
defined as follows
[J,H] =
1
m
∑
k,k′,σ
(
k− k′) .nˆ
(
D(k− k′)c†kσck′σbk−k′ −H.c.
)
. (34)
[JQ, H] =
1
m
∑
k,k′,σ
(
k(k − µ)− k′(k′ − µ)
)
.nˆ
(
D(k− k′)c†kσck′σbk−k′ −H.c.
)
.
(35)
Using these relations and after simplifications,
〈〈[JQ, H]; [J,H]〉〉z can be written as
=
2
m2
∑
kk′
(
k− k′) .nˆ (k(k − µ)− k′(k′ − µ)) .nˆ
|D(k− k′)|2fk′(1− fk)nk−k′
(
eβ(k′−k+ωk−k′ ) − 1
)
{
1
z − k′ + k − ωk−k′ −
1
z + k′ − k + ωk−k′
}
.
(36)
Here nk−k′ = 1
e
βω
k−k′−1 is a Boson distribution function
at a temperature T = 1/β.
Putting Eq.(36) in the thermoelectric memory function
(Eq.(13)), the imaginary part of the thermoelectric mem-
ory function after performing analytic continuation z →
ω + iη, η → 0+ can be expressed as
M ′′Q(ω, T ) =
2pi
χ0Q(T )m
2
∑
kk′
(
k− k′) .nˆ(
k(k − µ)− k′(k′ − µ)
)
.nˆ
|D(k− k′)|2(1− fk)fk′nk−k′{
eω/T − 1
ω
δ(k − k′ − ωk−k′ + ω)
+(terms with ω → −ω)} . (37)
To simplify the above expression, we use the law of con-
servation of energy k = k′ − ωq and the law of conser-
vation of momentum k′ − k = q. Thus,(
k− k′) .nˆ (k(k − µ)− k′(k′ − µ)) .nˆ
= q.nˆ
(
q.nˆ(k − µ) + k′.nˆωq
)
. (38)
For simplifications, we consider that the system has cu-
bic symmetry, thus the averaging over all the directions
reduces the above expression as 13
(
q2(k − µ)− k′2ωq
)
.
Using this relation and converting the summations into
integrals along with introducing the new dimensionless
variables k−µT = η,
ω
T = x and
ωq
T = y, the imaginary
part of the thermoelectric memory function (Eq.(37)) be-
comes
M ′′Q(ω, T ) =
N2T 3
12pi3χ0Q(T )
(
qD
ΘD
)2 ∫ ∞
0
dη
∫ ΘD/T
0
dy
|D(y)|2 y
ey − 1
1
e−η + 1
{
η
(
qDT
ΘD
)2
y2 − k2F y
}
[
ex − 1
x(eη−y+x + 1)
+ (terms with ω → −ω)
]
.(39)
Substituting the phonon matrix element (Eq.19) and
solving the integral over η, we obtain
M ′′Q(ω, T ) =
NT 4
48pi3miρ2Fχ
0
Q(T )
(
qD
ΘD
)4 ∫ ΘD/T
0
dy
y2
ey − 1
{
x− y
ex−y − 1
ex − 1
x(
(x− y)
(
qDT
ΘD
)2
y2 − 2k2F y
)
+(terms with ω → −ω)} . (40)
This is the final expression of the imaginary part of
the thermoelectric memory function in the case of the
electron-phonon interaction. In different limits of fre-
quency and temperature, it is discussed as follows.
Case-I The zero frequency limit:
In this limit i.e. ω → 0, the magnitude of the imagi-
nary part of the thermoelectric memory function (Eq.40)
reduces as
M ′′Q(T ) =
NT 4
24pi3miρ2Fχ
0
Q(T )
(
qD
ΘD
)4 ∫ ΘD/T
0
dy
y4ey
(ey − 1)2
((
qDT
ΘD
)2
y2 + 2k2F
)
. (41)
This expression can be further discussed in two subcases
for high and low temperature regimes.
In the high temperature regime i.e. T  ΘD, the first
term within a bracket of Eq.(41) i.e.
(
qDT
ΘD
)2
y2 gives
more contribution to M ′′Q(T ). Thus, the later becomes
M ′′Q(T ) ≈
NT 6
24pi3miρ2Fχ
0
Q(T )
(
qD
ΘD
)6 ∫ ΘD/T
0
dy
y6ey
(ey − 1)2 .
≈ N
24pi3miρ2F
(
qD
ΘD
)6
T
χ0Q(T )
. (42)
In the opposite case when T  ΘD, Eq.(41) becomes
M ′′Q(T ) ≈
2Nk2FT
4
pi3miρ2Fχ
0
Q(T )
(
qD
ΘD
)4
T 4
χ0Q(T )
. (43)
Thus from these above expressions we find that the imag-
inary part of the thermoelectric memory function in the
zero frequency limit is proportional to the T/χ0Q(T ) in
6the high and T 4/χ0Q(T ) in the low temperature regimes.
The static thermoelectric correlation χ0Q(T ) varies lin-
early with the temperature (as given in appendix A).
Thus, M ′′Q(T ) varies as T
3 in the low temperature regime
and becomes saturated in the high temperature regime.
Substituting this in Eq.(14), we find that the thermoelec-
tric response function in the zero frequency limit shows
temperature dependence as
α(T ) =
1
T
χ0Q(T )
M ′′Q(T )
. (44)
Hence, it varies as T−3 in the low temperature regime
and becomes temperature independent in the high tem-
perature regime i.e.
α(T ) ≈
{
T−3, T  ΘD
constant, T  ΘD (45)
Case-II The finite frequency regime:
In the high frequency limit i.e. when the frequency is
more than the Debye frequency (ω  ωD), the imaginary
part of the thermoelectric memory function (Eq.(40)) can
be written as
M ′′Q(ω, T ) ≈
Nk2F
12pi3miρ2F
(
qD
ΘD
)4
T 4
χ0Q(T )
∫ ΘD/T
0
dy
y3
ey − 1 .
≈ Nk
2
F
12pi3miρ2F
(
qD
ΘD
)4
× T
4
χ0Q(T )
{
pi4
15 , T  ΘD
1
3
(
ΘD
T
)3
, T  ΘD.
(46)
On substituting the temperature variation of χ0Q(T ), the
thermoelectric memory function shows temperature de-
pendencies as
M ′′Q(ω, T ) ≈
{
T 3, T  ΘD
constant, T  ΘD. (47)
This implies that the imaginary part of the thermal
memory function in case of the electron-phonon interac-
tion becomes independent of frequency at high frequency
regime. In this regime, it shows T 3 behavior in the low
temperature regime and temperature independent behav-
ior in the high temperature regime.
Similarly in the low frequency regime i.e. ω  ωD,
M ′′Q(ω, T ) (Eq.(40)) in the leading order is given by
M ′′Q(ω, T ) ≈
N
24pi3miρ2F
(
qD
ΘD
)4
T 5
χ0Q(T )
sinh (ω/T )
ω
×
∫ ΘD/T
0
dy
y4ey
(ey − 1)2
{(
qDT
ΘD
)2
y2 + 2k2F
}
.
(48)
Now in the limit ω  T ,
M ′′Q(ω, T ) ≈
Npik2F
45miρ2F
(
qD
ΘD
)4
eω/T
ω
T 5
χ0Q(T )
. (49)
In the opposite case, i.e. ω  T ,
M ′′Q(ω, T ) ≈
N
24pi3miρ2F
(
qD
ΘD
)4
× T
4
χ0Q(T )
{
8pi4
15 k
2
F , at T  ΘD
1
5q
2
D
(
ΘD
T
)3
, at T  ΘD
.
(50)
This concludes that the finite frequency imaginary part
of the thermoelectric memory function shows frequency
dependence of the form eω/T /ω in the regime where the
frequency is more than the temperature and becomes fre-
quency independent in the opposite case i.e. ω  T .
There is also different temperature dependences within
both the former regimes depending on whether the tem-
perature is greater or lesser than the Debye temperature.
The details of these asymptotic results is discussed in
later sections and are collected in Table (I).
TABLE I. The thermoelectric scattering rate due to the
electron-impurity and the electron-phonon interactions in dif-
ferent frequency and temperature domains.
Electron-impurity interaction
ω = 0 ω  T ω  T
1/τte ∼ T 0 1/τte ∼ log 2 + Tω 1/τte ∼ T 0
Electron-Phonon interaction
ω = 0 ω  ωD ω  ωD
T  ΘD T  ΘD
1/τte ∼ T 0 1/τte ∼ T 3
ω  T ω  T
T  ΘD T  ΘD
1/τte ∼ T 0 1/τte ∼ T 3
T  ΘD
1/τte ∼ T 0
ω  T ω  T
T  ΘD
1/τte ∼ T 4 eω/Tω
T  ΘD T  ΘD
1/τte ∼ T 3 1/τte ∼ T 0
7TABLE II. The electrical scattering rate due to the electron-
impurity and the electron-phonon interactions in different fre-
quency and temperature domains.
Electron-impurity interaction
ω = 0 ω  T ω  T
1/τ ∼ T 0 1/τ ∼ T
ω
log 2 1/τ ∼ T 0
Electron-Phonon interaction
ω = 0 ω  ωD ω  ωD
T  ΘD T  ΘD
1/τ ∼ T 1/τ ∼ T 5
ω  T ω  T
T  ΘD T  ΘD
1/τ ∼ T 1/τ ∼ T 5
T  ΘD
1/τ ∼ T
ω  T ω  T
T  ΘD
1/τ ∼ T 6 eω/T
ω
T  ΘD T  ΘD
1/τ ∼ T 5 1/τ ∼ T
C. Seebeck Coefficient
As discussed earlier that the Seebeck coefficient is the
ratio of the thermoelectric and electrical response func-
tions. Thus, to compute it, we require α(z, T ) and
σ(z, T ).
The σ(z, T ), known as electrical conductivity can be com-
puted with the following relation which relates the elec-
trical conductivity with the memory function11,17.
σ(z, T ) = i
χ0
z +M(z, T )
, (51)
where χ0 is the static electric current-electric current
correlation function and M(z, T ) is the electrical mem-
ory function.
In the reference (17), it has been derived in detail that
the imaginary part of the electrical memory function for
the case of the electron-impurity interaction is written as
M ′′(ω, T ) =
NimpU
2k4F
6pi3χ0
∫ ∞
0
dη
1
x
(
1
eη + 1
− 1
eη+x + 1
)
.
(52)
In the zero frequency limit, it can be expressed as
M ′′(T ) =
NimpU
2k4F
6pi3χ0
∫ ∞
0
dη
eη
(eη + 1)2
.
(53)
Substituting the Eq.(53) in Eq.(51) by taking the zero
frequency limit of σ(z, T ) (= χ0M ′′(T ) ), we find that the
electrical conductivity shows temperature independent
behavior in case of the electron-impurity interaction.
Also, the thermoelectric conductivity in the former case
shows temperature independent behavior (Eq.(32)) in the
zero frequency case. Using these behaviors in Eq.(5), we
see that the Seebeck coefficient is temperature indepen-
dent in case of the electron-impurity interaction.
Similarly in the case of the electron-phonon interac-
tion, the electrical memory function in the finite fre-
quency case and in the zero frequency limit can be writ-
ten as11,12,17
M ′′(ω, T ) =
N
24pi3miρ2F
(
qD
ΘD
)6
T 5
χ0
∫ ΘD/T
0
dy
y4
(ey − 1){
x− y
ex−y − 1
ex − 1
x
+ (terms with ω → −ω)
}
,
(54)
and
M ′′(T ) =
N
12pi3miρ2F
(
qD
ΘD
)6
×T
5
χ0
{
124.4, at T  ΘD
1
4
(
ΘD
T
)4
, at T  ΘD,
(55)
respectively. Substituting this zero frequency electrical
memory function in Eq.(51), we find that the electrical
conductivity in this limit, σ(T ) = χ0M ′′(T ) , shows T
−5
behavior and T−1 behavior in the low and the high tem-
perature regimes i.e. T  ΘD and T  ΘD respectively.
On the other hand, we have discussed that the thermo-
electric conductivity α(T ) shows T−3 and a temperature
independent behavior in the low and the high tempera-
ture regimes respectively. Substituting these into Eq.(5),
the Seebeck coefficient in the electron-phonon interaction
8shows temperature dependence as follows
S(T ) ∝
{
T 2, at T  ΘD
T, at T  ΘD. (56)
In the finite frequency case, using the definition of the
Seebeck coefficient (Eq,.(5)) S(z, T ) is written as
S(z, T ) =
1
T
χ0Q(T )
χ0
z +M(z, T )
z +MQ(z, T )
. (57)
Thus, the real part of the Seebeck coefficient becomes
Re[S(ω, T )] =
1
T
χ0Q(T )
χ0
ω2 +M ′′(ω, T )M ′′Q(ω, T )
ω2 + (M ′′Q(ω, T ))2
.
(58)
Substituting the imaginary part of the electrical and the
thermoelectric memory function (Eqs.(30) and (52) for
impurity case and Eqs.(40) and (54) for phonon case) in
Eq.(58), we can discuss the frequency variation of the
Seebeck coefficient for the case of the electron-impurity
and electron-phonon interactions in the next section.
In the case of metal, the dynamic behavior of various
transport coefficients is mainly governed by the imag-
inary part of the memory function or the scattering
rate11. Owing to this fact, we ignore the contribution
of the real part of the memory function in this discussion.
IV. RESULTS
In this section, we have presented the results for the
imaginary part of the thermoelectric memory function
and the corresponding thermoelectric coefficient in dif-
ferent temperature and frequency domains.
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FIG. 1. (a): Plot of the imaginary part of the thermoelectric
memory function for impurity case at different temperatures
such as 200 K (0.017 eV, purple), 300 K (0.026 eV, brown)
and 400 K (0.034 eV, blue). (b): The low frequency regime
of M ′′Q(ω, T )/M
′′
0 of fig.(a) is elaborated.
In Fig. 1, we plot the imaginary part of the
normalized thermoelectric memory function (Eq.(30))
M ′′Q(ω, T )/M
′′
0 , where M
′′
0 =
2k4FmNimpU
2
3pi4Ne
, due to the
electron-impurity interaction as a function of ω and at
different temperatures. Here we observe that the ther-
moelectric memory function at low frequency i.e. ω  T
shows frequency and temperature independent behavior
(as shown in fig.(1(a))). In the intermediate regime, it
decays with the increase of the frequency (as shown in
Fig.1(b)). Also it increases with the increase of the tem-
perature. Finally, at high frequencies i.e. ω  T , it
saturates to constant value.
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FIG. 2. (a): Plot of the real part of the normalized Seebeck
coefficient for impurity case at different temperatures such
as 200 K (0.017 eV, purple), 300 K (0.026 eV, brown) and
400 K (0.034 eV, blue). (b): The low frequency regime of
Re[S(ω, T )/S0 of fig.(a) is elaborated.
In Fig. 2, the real part of the normalized See-
beck coefficient Re[S(ω, T )]/S0 for the case of electron-
impurity interaction is shown as a function of ω/ω0,
(ω0 =
2k4FmNimpU
2
3pi4Ne
) and at different temperatures. Here,
we observe that in the low frequency regime, it is con-
stant and then starts decrease with the rise of the fre-
quency and shows a dip at a certain frequency (Fig.2(a)).
Then, in the high frequency regime, it saturates again to
the constant value. Also, with the rise of temperature,
Re[S(ω, T )]/S0 increases in the low frequency regime and
becomes independent of the temperature in the high fre-
quency regime. This behavior can be understood from
Eq.(58) as follows:
In the high frequency regime, Eq.(58) can be written
as
Re[S(ω, T )] ≈ 1
T
χ0Q(T )
χ0
≈ constant. (59)
This feature is dipicted in Fig.(2(a)).
Now, in the low frequency regime i.e. ω → 0, Eq.(58)
is approximated as
Re[S(ω, T )] ≈ 1
T
χ0Q(T )
χ0
M ′′(ω, T )
M ′′Q(ω, T )
. (60)
Within this low frequency regime, the thermoelectric and
the electrical memory function17 shows saturation behav-
ior in frequency at a finite temperature, hence the See-
beck coefficient saturates (as shown in Fig.2(b) below the
value 0.01.).
9In Fig.(3), we plot the frequency and the tempera-
ture dependent normalized imaginary part of the thermo-
electric memory function M ′′Q(ω, T )/M
′′
0 for case of the
electron-phonon interaction, where M ′′0 =
Nmq6D
6pi5miNeρ2FΘD
.
Here, we keep the Debye temperature ΘD fixed at 300K
i.e. 0.026eV and look at the frequency dependence at dif-
ferent temperatures. We observe that the thermoelectric
memory function shows frequency variation in the region
from 0.02eV to 0.2eV. While in other regions i.e. at ex-
tremely low ω  0.02eV and high frequency ω  0.2eV
regimes, it shows frequency independent behavior (Fig.
3(a) and 2(b)). Along with the frequency character, we
also observe the temperature behavior. In throughout
the frequency region, it increases with the increase of the
temperature (Fig. 3(a) and 2(b)).
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FIG. 3. (a): Plot of imaginary thermoelectric memory func-
tion for phonon case at different temperatures such as 200
K (0.017 eV, purple), 250 K (0.021 eV, red), 300 K (0.026
eV, brown), 350 K (0.030 eV, blue). (b): The low frequency
regime of Fig.(3(a)).
Now, in Fig. 4 we plot the imaginary part of the ther-
moelectric memory function in the zero frequency limit
as a function of temperature. Here, we consider differ-
ent values of the Debye temperature such as 200, 300 and
400K. It is found that M ′′Q(T )/M
′′
0 first increases with the
increase of temperature and then saturates to a constant
value at temperature above the Debye temperature.
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FIG. 4. Plot of imaginary part of the dc thermoelectric mem-
ory function for phonon case at different Debye temperatures
such as 200(purple), 300(brown) and 400K(blue).
In Fig. 5, we plot the real part of the frequency and
temperature dependent normalized Seebeck coefficient
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FIG. 5. (a): Plot of finite frequency real part of the
normalized Seebeck coefficient at different temperatures
such as 200(purple), 250(red), 300(brown), 350(blue) and
375K(magenta) at fixed Debye temperature 300K. Here the
dotted line corresponds to the Debye cuotff i.e. ωD/ω0, where
ω0 is the constant scale parameter having dimensions of en-
ergy. (b): The low ω/ω0 regime of fig.(a) is elaborated. Here
ω0 is a scaling parameter.
Re[S(ω, T )]/S0 with ω/ω0 (using Eq.(58)) at different
temperatures. Here ω0
(
=
Nmq6D
6pi5miNeρ2FΘD
)
is the scaling
parameter. We have kept the Debye temperature fixed
at 300K. In Fig. 5(a), we observe that Re[S(ω, T )]/S0
is independent of the frequency and the temperature at
the high frequency regime (i.e. ω  ωD as shown in
the regime right to the dashed line within a plot). In
contrast, there is strong frequency and temperature de-
pendence at the low frequency regime. To elaborate the
low frequency regime, we replot the real part of the See-
beck coefficient in Fig. 5(b). Here we find that the later
increases with the increase in frequency. While with the
rise in temperature, the magnitude of Re[S(ω, T )]/S0 re-
duces. The saturation at high frequencies can be under-
stood from formula (Eq.(58)) as explained above. Also
the suppression of the normalized Seebeck coefficient
with the increase in temperature can be understood by
recognizing the enhanced scattering of quasiparticles at
higher temperature. At very low frequency, we show the
same plot at temperature 300K within the inset of Fig.
5(b). We can see from the inset that near the zero fre-
quency, Re[S(ω, T )]/S0 approaches to the constant value.
For the zero frequency case, Re[S(T )]/S0 (using
Eq.(58))is plotted as a function of temperature at dif-
ferent Debye temperatures such as 200, 300 and 400K in
fig.(6). It is observed that Re[S(T )]/S0 increases linearly
with the rise of temperature. Also, its linear behavior is
more pronounced at the temperature more than the De-
bye temperature. This linear behavior feature is in ac-
cord with the result calculated by Boltzmann approach
and with the experimental findings. However, at very low
temperature (T  ΘD), it is quadratic in temperature.
Experimentally, this regime is dominated by the phonon
drag effects16 and these are not considered in the present
formalism.
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FIG. 6. (a): Plot of the real part of the normalized Seebeck
coefficient in zero frequency limit at different Debye tempera-
tures such as 200 (purple), 300 (red) and 400K (brown). (b):
The low temperature regime of Re[S(ω, T )]/S0 of fig.(a) is
elaborated.
V. CONCLUSION
Making highly efficient thermoelectric devices, one
needs materials with large figure of merit (ZT =
S2σT/κ). As discussed earlier, one possible root to in-
crease ZT is to look beyond the static limit and look
for the frequency dependent case. In this connection the
understanding of the frequency dependence of the See-
beck coefficient S(ω, T ) is extremely important and is
attempted here.
As discussed in many of the previous works, the mem-
ory function approach has many advantages over the
much celebrated Bloch-Boltzmann approach in studying
the dynamical behavior of various transport properties.
Here we for the first time attempted a theoretical studies
of thermoelectric phenomenon within the memory func-
tion formalism.
In this work, we find that the Seebeck coefficient in
the zero frequency limit shows the temperature indepen-
dent behavior in the case of the impurity interaction,
whereas in the case of electron-phonon interaction, it
shows linear temperature behavior in the high temper-
ature regime (i.e. T  ΘD) which is in accord with the
Boltzmann results (the famous Mott formula) and exper-
imental results16,19. In the low temperature regime (i.e.
T  ΘD), the Seebeck coefficient shows the quadratic
temperature dependence.
Looking at the frequency dependence of S(ω, T ), we
found that in the electron-impurity scattering case, the
S(ω, T ) decays with the increase in frequency in the low
frequency regime and then after passing through a mini-
mum, it becomes constant in the high frequency regime.
Contrary to that in the case of the electron-phonon in-
teraction, it rises with the frequency in the regime where
ω  ωD and in the opposite case i.e. ω  ωD, it sat-
urates. These new predictions insure that the phonon
interaction plays an important role in the dynamical be-
havior of the Seebeck coefficient and hence can help in
improving the figure of merit. More precisely, a thermo-
electric material with stronger electron-phonon interac-
tion and operating at a certain finite frequency should
have a larger contribution to its figure of merit from its
Seebeck coefficient. Although, this new route is impor-
tant to study the properties of the thermoelectric mate-
rials, but still lot of questions such as the contributions
of the Umklapp processes and phonon drag effects, etc.
has to be addressed. It is known that at low temperature
phonon drag effects are important but how these effects
modify the finite frequency Seebeck coefficient remains
an open problem.
Appendix A: Static Thermoelectric Correlation
Function
The static thermal current-electric current correlation
is defined as
χ0Q(T ) =
1
3T
∑
k
(k − µ)v2kfk(1− fk). (A1)
Converting the summation over electron momentum into
energy integral and substituting k−µT = η, Eq.(A1) be-
comes
χ0Q(T ) =
Tk3F
3m
1
2pi2
∫ ∞
0
dη
ηeη
(eη + 1)2
.
= T
Ne
3m
log 2. (A2)
This shows that the static thermal current-electric cur-
rent correlation varies linearly in temperature.
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